Based on the standard axioms of quantum theory, we provide a counterexample which invalidates the full compatibility between consciousness and quantum theory. In particular, we present an example of a natural phenomenon in which an observer's the mental state can be fully described in mathematical terms analogous to the state vector that is being observed. This mathematical description of the observer's mental state enables us to examine consciousness within the standard axioms of quantum theory. The separation between the observing party and the physical system being observed, imposed by the axiom of quantum theory, poses a problem when the observer is observing his own mental state, i.e., selfobserving consciousness.
Introduction
While the study of neuroscience has received a lot of attention recently from different branches of various disciplines, the natural phenomenon of self-observing consciousness is considered to be the most difficult phenomenon to comprehend. This is because self-observing consciousness exhibits a peculiar property that is unseen in other natural phenomena, i.e., an observer observes his own mental state. Another difficulty in studying the natural phenomenon involving mental activities has been that it is difficult to define the mental state in precise mathematical terms, as is possible with other physical systems.
In this paper we present the following two central points: first, in a certain situation, a conscious or mental state can be precisely and fully represented in mathematical terms. We show that, just as a physical system can be fully represented with a state vector, the mental state of an observer who is observing the state vector can also be fully described. Second, based on the full description of an observer's mental state, we show that quantum theory's axioms fail to provide a consistent description when the observer observes his own mental state. It should be noted that we do not assume anything aside from quantum theory's orthodox axioms, nor do we attempt to provide any new interpretation of quantum theory. Any involvement of consciousness in quantum theory is not assumed a priori, such as consciousness causing the collapse of wavefunction, etc.
Although we assume no consciousness in the axioms of quantum theory, a discussion of consciousness necessarily arises when we examine one natural phenomenon within the context of quantum theory. As a result, two types of consciousness are discussed in this paper:
1. The first case is when the observer is conscious of observing a physical system or a state vector.
2. The second type is a special case of the consciousness in the first type, i.e., when the observer is observing his own mental state.
In the first case the observer's conscious state can be considered a mental reference frame with regard to the physical system being observed. This is discussed in fuller detail later. It is the second special case of self-observing consciousness that proves to be incompatible with quantum theory's standards axioms. The paper is organized as follows: after stating the basic axioms of quantum theory in sect. 2, one particular natural phenomenon is presented in sect. 3. We then examine how the axioms of quantum theory provide a description of this particular phenomenon. For this examination, it is shown that the observer's mental state can be fully represented in mathematical terms. However, quantum theory fails to provide a consistent description when this particular phenomenon corresponds to the case of self-observing consciousness. This single case, in sect. 4, will serve as a counter-example to invalidate the compatibility between quantum theory and consciousness. We also discuss why this argument works only in the quantum case and not in the classical one in sect. 5.
Axioms of Quantum theory
In order to discuss a compatibility between quantum theory and self-observing consciousness, we first wish to state the standard axioms of quantum theory. In particular, we will state the axioms in a qubit notation, i.e., a notation in quantum information science (see [1] ), which will be convenient in later discussions:
(A1) State vector: A state vector, defined over a Hilbert space, is a complete description of a state of a physical system. In a qubit notation, a state vector of a two-level quantum system, is written as |ψ = a|0 + b|1 where a and b are complex numbers. A Hilbert space is a vector space over the complex numbers, i.e., the space of |ψ s, that satisfies the inner product.
Using a Bloch sphere notation, i.e., with a = exp(−iφ/2) cos(θ/2) and b = exp(iφ/2) sin(θ/2), a qubit in a density matrix form can be written as |ψ ψ| = 1 2 (1+v· σ) where (v x , v y , v z ) = (sin θ cos φ, sin θ sin φ, cos θ) and σ = (σ x , σ y , σ z ) with σ x = |0 1| + |1 0|, σ y = −i|0 1| + i|1 0|, and σ z = |0 0| − |1 1|. Therefore a qubit, |ψ ψ|, can be represented as a unit vectorv = (v x , v y , v z ) pointing in (θ, φ) of a sphere with 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π.
It is noted that the representation of the state vector is coordinate dependent. That is, in Bloch sphere notation, the vector is represented with respect to the x, y, z coordinate and it would be defined differently for a different coordinate system x ′ , y ′ , z ′ .
(A2) Observables: In quantum theory, there is another important variable called an observable. For a single qubit, an observable can also be written as a unit vector,ê = (e x , e y , e z ) where (e x , e y , e z ) = (sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ), pointing (ϑ, ϕ) direction in a sphere. Therefore if one is to make a measurement in (ϑ, ϕ) direction, the corresponding observable would beê · σ.
(A3) Measurements: A measurement is performed onv with respect to an observableê, and the average value of eigenvalue outcomes corresponds to the expectation valueê ·v.
Notice that this axiom assumes a process of measurement involves an object, a vector state, that is to be measured and an entity that performs the measurement. This separation stated in the axiom of quantum theory will be shown to be important in discussing consciousness and will eventually lead to an incompatibility between quantum theory and self-observing consciousness.
(A4) Dynamics: Time evolution of a quantum dynamics is described by an unitary operator U through two equivalent approaches.
The first approach is done through the unitary evolution of a state vector while an observable remains time constant. In the qubit notation, introduced above, a unitary transformation of a state vector in the unit vector notationv can be obtained by applying U to σ i for the corresponding ith component of the vectorv, i.e., v i , where i = x, y, z. We will write the transformation ofv under the unitary operation U asv ′ = UvU † , implying the unitary transformation is applied to the corresponding σ i . This is the Schrödinger picture of quantum theory. In the second approach, called the Heisenberg picture, it is the unit basis vectorê that is transformed. Using a similar transformation rule as in v, a unitary transformation of the observable in the basis vector notation can be obtained by applying U † to the σ j by U † σ j U for e j which we represent aŝ e ′ = U †ê U . The expectation valueê ′ ·v in the Heisenberg picture remains the same as in the case with the Schrödinger picture, i.e., e ·v ′ . Therefore, the statistical equivalence is obtained from having the same expectation values.
The First Natural Phenomenon
With these four axioms, we now wish to examine how quantum theory provides a description for one particular natural phenomenon. For simplicity, let us assume that the state vector isv = (0, 0, 1), an observable is represented by the reference frameê = (0, 0, 1), and the unitary operation to be considered is a rotation of the state vector about y-axis by χ, i.e., U ≡ U y = cos(χ/2)|0 0| − sin(χ/2)|0 1| + sin(χ/2)|1 0| + cos(χ/2)|1 1|. The natural phenomenon which we wish to examine is described as follows:
(N1) An observer observes the rotation ofv by χ about y-axis with respect toê, followed by a measurement onê.
It is generally not easy for an observer to directly measure a microscopic quantum system, such as a qubit, without an apparatus or detector. However, it can be seen that if we want to include an apparatus, it can be done by considering the larger state vectorv, which includes both a qubit and an apparatus, and the corresponding larger observable. In case of (N1), for simplicity we assume that the observer can observe and measure the qubit without introducing an apparatus. This practical difficulty is removed later when we consider the second natural phenomenon of consciousness.
Also note that, regarding observing the unitary evolution ofv in (N1), the observer is observing it only indirectly becausev is defined over and evolves in a complex Hilbert space (see (A1)). Only when a measurement is made, does the observer directly observe the real valued eigenvalue outcomes ±1.
In the following we show that, according to the axioms of quantum theory stated above the vectorê should be the precise and full mathematical definition of the mental state of an observer conscious of observing the evolution ofv in (N1). That is,ê in (N1) corresponds to the mathematical description of the first type of consciousness discussed in sect. 1. Let us consider a simple example: a dot lying on a one-dimensional line. In order to claim the dot, which is lying on the line, is either on the right or on the left, there should be a reference point. For example, with respect to the origin, one may say the dot is on the left or on the right. Instead of looking at the line from outside, suppose there is an observer being confined to the one-dimensional line facing into the paper. The observer measures or perceives whether the dot is on the right or on the left. Depending on where the observer is sitting, the outcome of the measurement, i.e., either on the right or on the left, will change. In this case, we note that the observer him or herself is serving the role of the reference point. Therefore when the observer makes a measurement and gets a result that the dot is on the right or on the left, this implies that with respect to his or her reference frame of the position on the line, the dot is on the right or on the left.
The same logic applies to the quantum measurement in (N1). When an observer measures the qubitv with respect to the observableê, the observable corresponds to the reference frame of the observer. However, the observableê is not like a reference frame seen in classical physics. Let us re-consider the example of a dot lying on a one-dimensional line again. It should be noted that if we assume the observer observes the dot to be only either on the left or on the right, i.e., without any other measurement such as the distance of the dot from the observer etc., not only the measurement outcomes are only left or right, so are the possible reference frames. That is, the only possible reference frame the observer could take is to be either on the left or on the right with respect to the dot.
In the case of a qubit as in (N1), the eigenvalue outcome is either +1 or −1, up or down when the qubit is a spin 1/2-particle. Using a similar logic to that discussed above, if the possible outcomes are up (+1) or down (−1), then there are only two possible reference frames an observer can take, i.e., either up or down, with respect to the spin of the particle. If the observer is in up position, the spin-up particle would appear to be up. However, if the observer is in down position, the spin-up would appear as down to the observer, because the observer is standing upside-down.
However, the particle's spin is not just up and down: its direction is represented in a complex vector space (see (A1)). Therefore, the observer's reference frame is not only up and down but also occupies a complex vector space, just as in state vectors. This is indeed the case with quantum theory, where the observable, i.e., the observer's reference frame, is defined over a Hilbert space. Therefore, we see that the reference frame for measuring state vectors is defined over a complex vector space, rather than having a real value as in eigenvalues. This leads us to conclude that the reference frame in (N1) should correspond to the reference frame in the observer's thought, i.e., the observer's mental state, because it is defined over a complex vector space, as opposed to a physical one, such as +1 or −1. Therefore, in (N1), the observableê is the observer's mental state because it not only serves as the observer's reference frame, but also is represented in the complex vector space. This corresponds to the first type of consciousness discussed at the beginning, i.e., when the observer is conscious of the state vectorv, his conscious state is the mental reference frameê.
Although we have discussed the role ofê when a measurement is made, the same reasoning also applies when the observer observes the unitary evolution of v with respect toê in (N1). Note that in the first axiom (A1), we discussed that the state vector is defined by a certain coordinate and, if we use a different coordinate, the state vector would be defined differently. In the natural phenomenon (N1), the observer is observing the dynamics of the state vectorv with respect toê: that is, the observableê is serving as the coordinate. Therefore, just as in the measurement case, the vectorê defined over a complex vector space is the mental state of an observer who is observing the unitary evolution ofv.
One of main difficulties in a systematic approach to the study of mental activities, let alone self-observing consciousness, has been the lack of a precise mathematical definition. However, in the case of the natural phenomenon (N1), the observer's mental state can be represented with the observableê. Note that the physical system represented asv in the natural phenomenon of (N1) can be a spin 1/2-particle, a photon with two polarizations, or any two-level quantum system. However, it is not necessary to specify other properties of the physical system because the vector that represents the quantum system is a pure state and is disentangled from other states that may represent other properties of the physical system. That is, as far as (N1) is concerned, the unit vectorv fully describes the physical system that is being observed. This same logic applies to the observable as well. That is,ê is not entangled with any other observables. Therefore,ê should provide a full description of the observer's mental state as far as the natural phenomenon (N1) is concerned. With regard to (N1), not only the state vectorv provides a full description of a physical system, but also the observableê fully represents the observer's mental state.
Notice that we did not assume a priori, any involvement of consciousness in quantum theory. We only assumed the standard four axioms, then one particular natural phenomenon (N1) was examined with these axioms. It is only when this examination took place, the necessity of the vectorê being the observer's mental state arose.
With the observableê serving as a mental state of an observer, let us now consider how the axioms of quantum theory provide a description of the dynamics in (N1). According to the fourth axiom (A4), quantum theory provides two approaches in describing its dynamics. The first approach is done by evolving the state vector, and the expectation value would beê · (U yv U † y ). In this case, it is the state vector that is being rotated by χ clockwise, in Bloch sphere notation, while the observer's mental reference frame remains constant. In the second, the U † y transforms the observer's reference frameê into U † yê U y . In this case, it is the observer's mental state that is rotated counterclockwise while the state vector is constant. Although observer's mental state is changing, the observer is not observing his own mental state but the state vector. This yields the same observational effect where the observer observes the state vector being rotated by χ clockwise about y-axis as described in (N1). The second approach yields the expectation value of (U † yê U y ) ·v which is equal to the expectation value in the first approach.
When we considered the natural phenomenon (N1), we discussed that although the actual physical system that is being observed may be any quantum system, becausev is a pure state, the quantum theory provides a full description of this observation. Not only areê andv full representation of the observer's mental state and the physical system being observed, respectively, quantum theory treats the dynamics associated withê andv as described in (N1) as a completely closed system regardless of the nature of a physical system or the orientation of the observer.
4 The Second Natural Phenomenon: Self-Observing Consciousness
In a classical measurement, the observation results from the relative difference between the object that is being measured and the observer's reference frame. However, consciousness has one peculiar property that is unseen in classical measurement processes: an observer can observe the dynamics of his own reference frame with no surroundings. This corresponds to the second type of consciousness, discussed in sect. 1, where the observer is conscious of observing his own mental state. In the second approach describing (N1), we discussed that the observer's mental state is rotated while the observer observes the state vector. Let us consider a case similar to the second approach, i.e., the observer's mental state is being rotated, but the observer observes the rotating mental state rather than the state vector. This is certainly possible because the observer can imagine a coordinate for a state vector without having the state vector. For example, it is possible to choose or change an observable without having a qubit to measure. This corresponds to a natural phenomenon which can be stated as follows: (N2) : An observer observes the rotation ofê by χ about y-axis with respect toê.
In (A1), we discussed that the state vector is a description of a physical state. According to (N2), the natural system that is being observed is the vectorê. Also note that in (N2), the physical system is observed with respect to the reference frameê as in (N1), i.e.,ê corresponds to the observable. Therefore, in case of self-observing consciousness as in (N2), the vectorê is playing the role of both the state vector, because it is being observed, and an observable, because it is serving as the reference frame of the observer.
Note that it it not necessary to include the measurement process as in the case of (N1) because direct confirmation through eigenvalue outcome is not needed for self-observing consciousness since the observer is already observing the evolution ofê. Also note that in discussion of (N1), the practical difficulty arose because it is generally difficult for an observer to directly measure the qubit without the help of an apparatus. However, in case of self-observing consciousness as described in (N2), it is not difficult for an observer to have and observe a mental reference frameê. Since the only difference between (N1) and (N2) is the change ofê fromv, (N2) should correspond to the dynamics of a closed system just as in (N1). In other words, the observer changing the choice of measurement basis without actually having a qubit is fully described by (N2) as a closed system. This is surprising considering that we did not mention how this mental activity was created from a brain or any biological means.
Therefore, because (N2) is one special case of (N1), quantum dynamics involvingê must provide a full description of the natural phenomenon described in (N2) just as quantum axioms provided the description of (N1). In the following, we will show that self-observing consciousness as described in (N2) is ill-defined within quantum theory. It was discussed that quantum theory provides two approaches describing its dynamics as discussed in (A4). In the first approach, it is the state vector that is rotated. For self-observing consciousness as described in (N2), the state vector corresponds toê. Therefore, the state vectorê transforms as follows,ê → U yê U † y ≡ê ′ = (sin χ, 0, cos χ). We may now consider the same procedure in the second approach. In this case, it is the observable that is being rotated. According to (N2), the observable isê. Therefore, the observer's mental reference frameê is transformed aŝ e → U † yê U y ≡ê ′′ = (− sin χ, 0, cos χ). Note that, unlike the case with (N1), both approaches do not yield the same observational phenomenon described in (N2) becauseê ′ =ê ′′ unless χ = kπ where k = 0, 1, 2.... Therefore, for the phenomenon of self-observing consciousness as in (N2), the standard axioms of quantum theory fail to provide a consistent description. Example (N2) serves as a counter-example to invalidate the full compatibility between quantum theory and consciousness.
Discussion
We note that considering a larger system, i.e., a qubit with ancilla, would not remove the inconsistency shown with (N2). This is because (N2) is a closed system involving the dynamics of a pure state. The introduction of ancilla and its entanglement with the qubit would spoil the precise description of (N2). A single example of the natural phenomenon of (N2) is sufficient to invalidate the full compatibility between quantum theory and consciousness. Also note that the inconsistency shown above works only for the quantum case. This is because, with classical measurement, an observer cannot observe the dynamics of his own reference frame. That is, the natural phenomenon of (N2) does not exist under classical measurement.
The axioms of quantum theory insist on the separation between the object that is being observed and the entity which performs the measurement, as stated in (A3). This separation leads to two equivalent approaches for describing the object's dynamics, which yield the same observational effect that is as seen in Example (N1). However, these axioms lead to an inconsistency when we consider the case of self-observing consciousness where the observable serves the role of both a state vector and the observer's mental reference frame, as in (N2). This therefore shows the incompatibility between the natural phenomenon of consciousness and the axioms of quantum theory.
